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1.  Introduction 


Let  (X(t),  t e C)  be  a  Gaussian  process  with  a  continuous  covariance  function 
over  a  compact  subset  C  of  a  metric  space  (S,d).  Such  a  process  is  called  sample 
continuous  if  there  is  a  version  of  the  process  with  continuous  sample  func¬ 
tions.  Equivalently,  {X(t),  t  e  C}  is  sample-continuous  if  it  is  uniformly  con¬ 
tinuous  for  t  restricted  to  a  countable  dense  subset  of  C.  The  process  is  said 
to  be  sample-bounded  if  it  has  a  version  with  bounded  sample  functions. 

Let  tg  be  a  point  of  C.  The  process  is  said  to  be  continuous  at  t^  if  there 
is  a  version  of  the  process  with  sample  functions  that  are  continuous  at  t^. 

Equivalently,  the  process  is  continuous  at  t.  if  P(lim  X  =X  )=1,  C*  being  a 

tH*0  ° 
teC* 

countable  dense  subset  of  C. 

Let  H  be  a  real,  infinite-dimensional  Hilbert  space.  A  linear  map  L  from 
H  into  real  Gaussian  variables  with  ELx=*0,  ELxLy  =  (x,y)  for  all  x,yeH  is 
called  the  isonormal  Gaussian  process  on  H.  (As  usual,  (•»•)  denotes  the  inner 
product  in  H) . 

A  modern  approach  to  the  study  of  sample  function  continuity  and  boundedness 
of  Gaussian  processes  reduces  this  problem  to  the  study  of  those  sets  C  =  H  on 
which  the  isonormal  L  has  continuous  or  bounded  sample  functions,  called  G.C-sets 
and  GB-sets  respectively  (Dudley  (1967,  1973),  Feldman  (1971),  Sudakov  (1969, 
1971)).  This  approach  relates  GC  and  GB  properties  to  a  certain  measure  of  the 
size  of  a  set  C  in  H,  called  metric  entropy. 

Let  C  be  a  subset  of  a  metric  space  (S,d).  Given  e  >  0,  let  N(C,e)=N^,(e) 
be  the  minimal  number  of  points  x^.x^,...,  x^  from  C  such  that  for  any  ye  C 
there  is  an  x^  such  that  d(x^,y)  <e.  Then  H^e)  =£nN^,(e)  is  called  the  metric 
entropy  of  C,  and  the  exponent  of  entropy  r(C)  is  defined  by 


Dudley  (1973)  proved  that  CcH  is  always  a  GC-set  if 

1  V 

(1.1)  / Hr(x)  2 Ax.  <  oo. 

0  L 

This  is  an  extremely  sharp  result,  for  it  implies  that  C  is  a  GC-set  if  r(C)  <  2, 
and  it  is  known  that  C  cannot  be  a  GB-set  (and  so  not  a  GC-set)  if  r(C)  >  2 
(Sudakov  (1969)).  The  case  r(C)  =2  includes  an  ambiguous  range,  however,  where 
H^,(e)  cannot  determine  whether  C  is  GB  or  GC  (Dudley  (1973)).  In  particular, 
there  are  GC-sets  for  which  the  integral  (1.1)  diverges. 

In  this  paper  we  find  conditions  under  which  the  isonormal  process  L  on 
a  set  CcH  is  a.s.  continuous  at  some  point  x^  e  C.  This  is  closely  related  to 
the  question  of  whether  or  not  C  is  GC.  Clearly,  if  C  is  GC,  then  the  isonormal 
process  is  a.s.  continuous  at  each  point  of  C.  Less  evident  is  the  converse 
statement:  if  the  isonormal  process  is  a.s.  continuous  at  every  point  of  C, 
then  C  is  a  GC-set.  This  important  property  of  Gaussian  processes  was  noted 
for  Gaussian  processes  on  [0,1]  by  Marcus  and  Shepp  (1971),  page  436,  who  give 
credit  for  the  idea  to  R.  Dudley,  and  can  be  extended  as  follows. 

THEOREM  1.1. 

Let  C  be  a  compact  subset  of  a  metric  space  (S,d),  and  X(t)  a  Gaussian  pro¬ 
cess  on  C.  If  X(t)  is  a.s.  continuous  at  each  point  of  C  then  it  is  sample  con¬ 
tinuous. 

The  proof  of  Theorem  1.1  will  be  given  in  the  Appendix  at  the  end  of  the 
paper. 

In  the  following  section  we  give  sufficient  conditions  for  local  continuity 
of  the  isonormal  process.  These  conditions  turn  out  to  be  strictly  weaker  than 


those  obtainable  from  (1.1).  Consequently,  our  result  (Theorem  2.1)  can  be 
used  to  establish  the  GC  property  in  situations  in  which  the  integral  (1.1)  di 
verges. 

I  am  deeply  indebted  to  Robert  Adler  and  Stamatis  Cambanis  for  their 
valuable  remarks  during  the  preparation  of  this  paper. 
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2.  Sufficient  conditions  for  iocal  continuity 


We  start  with  some  additional  definitions  and  preliminary  results. 


For  a  given  set  C  in  a  Hilbert  space  H  and  a  given  point  x^  e  C,  set 


(2.1) 


(2.2) 


C  (6)  :=  (x  e  C  :  ||x  -  x  ||  <  6},  6  >  0. 
x0  0 


N  (6,e)  :=  N(C  (6),e),  6  >  0,  e >  0. 
x0  x0 


(2.3) 


N  (<S  ,6  .e)  :=  N(C  (5  )  n  C  (6  ),e),  6  >  6  >  0,  e  >  0. 

xo  xo  0  L 


A  set  C  is  said  to  satisfy  condition  A  if 


(2.4) 


II*! II  ~  llx2ll 


=  M  <  °°. 


x1»x2eC  llx!  ~  x2  I 

xl+*2 


The  isonormal  process  L  restricted  to  such  set  C,  satisfies  the  following 
bound,  which  is  derived  in  Samorodnitsky  (1986). 


(2.5)  PtsupLx  >  A  a  +  l  e  A  }  <  Nr(e  )•  —  X~ 
xeC  0  1=1  J  J  c  1  /2^  0 


1  ,-1  2 

—  A.  e 


+  7w  Xo  e  2 •  J2sc(ek)exi,!-  7<\-i - pkx0)2) 

oo  oo 

for  any  positive  sequences  C j  0  as  j-*00’  satisfying  the 

following  conditions  for  all  k^2. 


(2.6) 


(2.7) 


(2.8) 


-V-  •*. 


Xk-i ' 1> 


o*  <  <  _L 

k  xo  ■ 


2M0+1 

Pk  ~2S~  Vl 


a  :»  sup  || x  || ,  a  s—  inf  (| x  ||  >0 
xeC  xeC 


.  **-  •*.  \ •*.  •  .  *’. 
•  *  m  * ^  '  *  *  ■  ’  *  *  »  *  .  «  •  ’  •  *  •  *  * 


•  .•  «/  .  »  »;  v*  .  • 


...  - 1 


The  proof  of  Theorem  2.1  is  based  on  the  bound  (2.5). 


Remark  2.1.  The  following  property  of  metric  entropy  is  used  in  the  sequel. 


For  any  <=  C^,  any  £  >  0 


(2.9) 


Nr  (e)  <  Nr  0|) 
L1  L2  1 


This  relation  is  semi-evident;  details  can  be  found  in  Samorodnitsky  (1986), 


THEOREM  2.1. 


Suppose  there  exists  a  function  H(s,t)  such  that  the  following  two  condi¬ 


tions  hold 


(2.10) 


£nN  (6  ,6  ,e)  <H(6  ,e) 
x0  1  Z  1 


for  any  e  >  0,  any  0  <  6^  <  62  <  0,  0  is  a  fixed  constant. 


(2.11) 


s  V 

lim  / H(s,t)  /2dt  =  0. 
s-K)  0 


Then  the  isonormal  process  L  restricted  to  C  is  continuous  at  x^. 


Remark  2.2.  An  alternative  sufficient  condition  for  continuity  of  the  isonormal 


process  at  x^  that  follows  directly  from  (1.1)  is 


(2.12) 


1  1/ 

Jh c  ^  (t)  /2dt  <  00  for  all  5>0  small  enough. 


It  is  easily  seen  that  the  condition  given  by  Theorem  2.1  is  strictly  weaker 


than  (2.12).  (Suppose  that  (2.12)  holds  for  all  6<0.  Then  take 


H(s,t)  :=  £nN  (s,0,4).  Then  (2.10)  holds  via  (2.9),  while  (2.12)  and  (2.9) 


together  imply  (2.11).  The  examples  given  in  the  end  of  this  section  represent 


situations  in  which  Theorem  2.1  works  while  (2.12)  fails.) 


•,  «  _  •  •  '  .  ■  •  •  •  •  »  m  m  _/»  mm  •  m  m  a  *  a  »  »-«- 

/. v. ^  •/  /•/ •;  v  v  *;  /  •/  •;  •.*  % 

V  t  -  *  •'.  I  «  f-  €mJ 
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Proof  of  the  theorem. 

Note  that  ft(s,t)  :=  £nN  (s,0,-^)  also  possesses  properties  (2.10)  and  (2.11). 

x0  1 

Consequently  we  may  and  will  assume  that  H(s,t)  is  nonincreasing  in  t  for  each 
s.  Fix  0  <  u  < 1  and  define 


(2.13)  Hu(s,t)  :=  H(s,|t) 

(2.14)  H^(s,t)  ^2:  =  Hu(s,t)  +  |£ns|  +  £nj£nt| 


(2.15)  H  (s,t)  ^2  :=  H  (s,t)  ^2  +  — [/H,  (s,u)  ^du]  ^2. 

2  1  3  0  1 

These  functions  still  possess  properties  (2.11)  and  (at  least  for  small  t) 
(2.10).  Set 

a  V 

(2.16)  I(s)  :=  / H  (s,t)  /2dt 

0 

and 

(2.17)  g(s)  :=  [sup{l(u)  +  I(u)  ^2}]  ^2. 

u<s 


Then  g(s)  4- 0  as  s-*-0.  We  are  going  to  show  that  for  an  appropriate  version 
of  the  process 

|Lx-Lx0| 

(2.18)  1  imsup  {  ttj - rjy  :  x  e  C  (6))  Si  a.s. 

6-^0  8  i  1 1  *  ~  Xq  1 1 ;  xQ 


This  implies,  of  course,  that  the  isonormal  process  L  restricted  to  C  is  con¬ 


tinuous  at  Xq.  As  the  supremum  in  (2.18)  Is  taken  over  a  decreasing  family 
of  sets,  it  is  enough  to  prove  that  for  any  a > 0 


| Lx  -  Lx  | 

(2.19)  iim  P  [sup{— jvt - rpr  :  x  e  C  (6)}>l  +  a]  =  0. 

6-H)  8v  ||x  -  xQ  || ;  xQ 


Set  6^  :=  6u^,  i  =  0,1,2,...  .  Then  6^-4  0  as  i-*-00.  Consequently  the  mono¬ 
tonicity  of  g(s)  implies  that 


(2.20)  P[sup{- 


r7T^-]]y:xeCXo(6)}>l  +  a] 


<  l  P[sup{- 
i=0  1 


Lx  -  Lx, 


[x  :  X€  Cx0(V  n  Cx0(6i+1)}  '  1  +  a] 


<  l  P(sup{  |Lx  -  Lx  I  :  X  e  C  (6  )  n  C  (5  ) }  >  (1  +  a)g(6  )  ] 

1=0  0  0 


We  are  going  to  estimate  the  probabilities  in  the  last  sum  in  (2.20).  Denote 


C  :=  (x-x  ,  x  e  C  (6  )  n  C  (6  )}. 

i  0  Xq  1  Xq  x+1 


We  obtain  by  the  linearity  of  the  isonormal  process  that 


(2.21)  P[sup{  |Lx -Lxq|  :xeCx  (6±)  n  (6±+1)  }  >  (1  +  a)g(6i+1)  ] 


=  P{ sup  | Lx j  >  (l  +  ot)g(6  )}, 


We  would  like  to  apply  the  bound  (2.5)  to  the  last  probability  on  (2.21). 


However,  C  may  not  satisfy  condition  A,  thus  we  first  define 


ei  ='  ‘’HOT-  xeCi} 


Clearly, 


sup  |  Lx  |  =  sup  ( |  Lx  |  •  ||  1ii  }  >  sup  | Lx  |  . 
xeC^  xeC^  xeC^ 


(2.22)  P{sup  J  Lx  |  >  (l  +  a)g(<5i+1)}  <  P{sup  |  Lx  |  >  (1  +  a)g(<5  .  )  } 

xeC^  xeC^ 


n  A 

Moreover,  the  points  in  have  equal  norms  (6^),  and  so  satisfies  condition 


A  with  M  =  0.  We  apply  the  bound  (2.5)  to  C^,  taking  0  =  0  =  6^,  M=0.  For  any 


two  sequences  }j_Q  satisfying  (2.6)  and  (2.7)  we  thus  obtain 


VvV. 


”  -o  sr-/-.’  <  ■  .  *  .  *  ,  v  ,  •  .  •  . 

WVvV ~ -V ‘--*0 -V 


(2.23)  P{su] 


i  J-i  1 

+  l/f<xol))  iexP{- ^xoi))2}.^  N-  (eji))«xp{-  - °*xoi)) 

j-2  C± 


Note  that  for  any  x^.x^  £ 


1  °i  X1  X2  X2  X2 

i-iOT-vmqir11 '  6i|I'pj-  iPTir +  "pj  ■  tr^t11 


sipj-  "xi-x2ii s^u* 


1  ”  x2 


*  ;"xi-x2i 


Consequently  for  any  e  >  0 


(2.24) 


Ns  (e)  <  Nf  (e  -^)  =  N(C  (6  ) n  C  (6...),  e  •  £) 
L1  Li  1  x0  1  x0  1+1  2 


Thus,  (2.23)  can  be  rewritten  as 


(2.25)  P{sup  | Lx |  > X ( i) 6  +  \ 

xeC±  1  j=l  3  j 


£l(i)u 


^/|x(i)_iexp{-  yX(i)2}Nx  («1+i.«i,Jy-") 


r  »  e(i)u 

+  /|x(i)"1exp{-  ^X(i)2}  l  Nx  (6i+1,5  .-iy— )exp{-  |(X(^]  -  p*X(i)f}, 


jr 

|t 

It 


where  X(i)  denotes  X^  .  Now  we  specify  the  and  X^  sequences.  Set 


(2.26) 


wn  ,  (i)  g(6i+l} 

X(i)  =  XQ  :=  -  6 


(2.27) 


:=  B16i2  j,  j  = 1,2,..., 


i  \  k 


(2.28) 


(i)  H2(<Si+l’2  W 

xr;  :=  B.X(i)— — — - r-~  ■  T/  ■  ,  j  =  1,2,..., 

J  V<W2  Vl>  ^ 


for  some  positive  constants  B^,B^  to  be  specified  later  in  order  to  meet 


i j  y 

:ertain  conditions.  Note  that  g(s)  2:  s  2  |£ns|  2,  consequently,  at  least  for 


small  values  of  6,  X^d^  -1  for  all  i  and  j.  Furthermore,  the  conditd 


Pj  <  X(i)  ho3-ds  f°r  i  -  0,  j  >  2  if  and  only  if 


(2.29) 


B2  4  ' 


The  second  part  of  condition  (2.7),  namely  A~-\  <  *  becomes,  after  a  sub 

A ( i )  p* 

stitution  ,  3 


//2 


(2.30) 


H2(6i+1’2  5i+l> 


1+1 - rAft - IT  >  B^"3. 

B2H2«W2  1  \+l>  4 


Note  that  for  any  0<d<l  we  have 


H  (t ,dt)  1/z  Hl(t’dt)  k  +  7[IHi(t’u)  /2dul  '2 


(2.31) 


H2(t,t)  2  H  (t,t)V2  +  |[/H  (t,u)y2du]V2 

0 


jr  /  H  (t,u)  /2du  +  f[] H  (t,u)  /2du]  /z 
0  0 


i[jH1(t,u)1/2du]1/2 


<  ^[/^(t.u/^du]1''2  +  1  <  |  , 


■«A.» 


■jytj 


where  K <  °°  is  a  constant  that  does  not  depend  on  t  and  d.  Thus,  the  following 
condition 


2 

■  ■_  - —  >  B  2  2 


Bi2 


which  is  equivalent  to 


(2.32) 


B1B2  <  K’ 


implies  (2.30)  for  all  is  0,  j  s  2.  Consequently,  if  we  choose  and  B^  to 
satisfy  the  restrictions  (2.29)  and  (2.32),  the  condition  (2.7)  will  be  satis¬ 


fied.  Furthermore, 


■(««.+  I  e.(l)*(1)  -  - Xf  l  2"JH 

J-1J  J  H2«W2  W4!'1 


2<6i+l-2':i{i+l)V!> 


i+1  i, 

j  H2(6i+i,u)  '2du 

<  A(i)6  [1  +  2B.B  - = - XT-]. 

51+1H2(S1+1-2  51+1>  4 

Here  the  monotonicity  of  H2(s,t)  in  t  has  been  used.  An  argument  similar  to 
that  in  (2.31)  yields  that  for  0<d<l 


(2.33) 


at  i. 

/  H  (t,u)  /2du 
0  _  <  K 

dtH2(t,dt)1/2  d 


where  K  is  the  same  constant  as  in  (2.31),  independent  of  t  and  d.  Consequently 


00 

A(i)6i  +  l  ej(1)^?i)  s  X(i)6i(l  +  2BlB2K). 


If  we  also  choose  B^  and  B2  In  such  a  way  that 


(2.34) 


2B1B2K  5  “ 


then  we  get 


00 

A(i)S  +  l  ef i)A^i)  <  (l  +  a)A(i)6  =  (l  +  o)g(6  ), 

1  J  J  *■  l+X 


Consequently,  (2.25)  implies  that 


(2.35)  P(sur  | Lx |  >  (l  +  a)g(5i+1)}  <  /| A(i)'1exp{-  |A(i)2}Nx 


e^u 


xeC. 

i 


+  A  A(i)-1£ 


'f  A(i)_1exp{-  iA<1)2}j^2Nx0(<Si+1’<Si’~12_)eXp{'  I<Aj-l'DjA(1))ii}- 


ef1)u 


For  every  fixed  i=  0,1,2,...  let  a^  and  be  the  first  and  the  second  terms, 
respectively,  in  the  right  hand  side  of  (2.35).  Then  (2.20),  (2.21),  (2.22)  and 
(2.35)  imply  that 


(2.36) 


Lx  -  Lx 


PIsuplB(lR-'^T])i cx0(S)1  * 1+01  £  J0ai  +  j0V 


We  are  going  to  estimate  each  of  these  sums  separately.  Letting  c  be  a  finite 
positive  constant  that  may  vary  from  line  to  line  we  obtain 


£,(1)u 


00  00  g  ({$  )  M 

£  a  <  c  £  exp{ - ~~  +  £nN„  (6i4.i»6i»"T 

i=0  1=0  26T  x0  1+1  1  2 


-  g(6  )2  e{i)u 

<  c  l  exp  { - +  H(  5_, } 


i=0 


2  67 


i+1  2 


g(6i+i) 


c  £exp{ - +  H2(61+1,e{i))} 

i=0  2  67  1 


1 1(W 


s L“"f-  f  ~ F-  +  ) 


12 


00  H0(5_,,6^,) 

<  cl  exp{-  -  6 


V2 


1=0 


+  H2(5i+1’B12'  5i+l» 


-  c  I  exp{-  y - 5 - U  “  — - IT— 

i=0  i 


"  H2(S1+1,{1+1)  ^ 


for  6  small  enough.  Note  that  (2.31)  Implies  that 


,-1,  xV2 


<  „x{1 


2  i+1  i+1 


while 


SiB2<5i+l,Bl2"lii+l)  1/2  s  u'-xa.f )«i+1H2(«1+1,«l+i) 1/2 


and  the  last  expression  converges  uniformly  in  i  to  zero  as  6-»-0.  Consequently 
for  5  small 


I  a  <  c  I  exp{-  —  H  (6i+l’6i+l)  ^  ~  c  l  exp{-|£n6  [}  =  c  l  6 

i=0  i=0  40i  i=0  i=0 


c6u 


1-u 


as  6->-0.  Next  we  consider  the  sum  E™  rtb..  Note  that  for  all  j  £2 

i=0  i 


Ho(6_1,2“(j'1)6  )Vz 

-x  T - V  j 

H2(<Si+l’2  W  2 


(2.34)  A.U  -p*X(i)  =  A(i)[B_  -Z-  1+1 - : - ^7 - B,2  J  ] 


s  B2A(i) 


H2(<Si+l’2 


,-l, 


H2^i+1’2  ^i+l^  2 


.  _i_) 

V,  U  4B-  ’ 


S  f  V(D 


H2(Si+l’2'Ci"1>6i+l)1/2 


H2^i+1’2  5i+l^  2 


V  /  * 


whenever  and  B2  are  chosen  to  satisfy 


(2.38) 


-1>A. 

B1  2 


Note  that  (2.38)  implies  (2.29).  Using  (2.37)  we  get  that  for  small  6 


.^2Nx0(<W'V-^-)e*p{-  2(X3-l‘PjX<1))  1 


s  ,1  >  -T  — TTT . -7TT  *  : 


H2(il+1’2  5i+l> 


I  «p{- n^1*1’2  \ 

J-2  8Si  H2(6.+1,2-  S1+1)  6i 


8  4K2u2  »2<Si+l-2'1{i+l)5L 

-maxd—) - ^ 


v  ,  4;  Vfi±i£^W  „ .  >4 

/  exp{*  86  (.  ,-1.  v  ’  H2(6i+l,6i+l> 

j=2  i  H2(6i+1,2  6i+i) 


8  -  maxd  Wl’2  *  n 

2  niax^l,  2  )  — o  •  o.J} 

V  Bi  VWW  2  1 


-  B2U  H2(6i+1>2  0  )<Si+i>  1/ 

j-2  86i  H  (6  ,2  ^i+l)  /z  2  1  11 


8  M,,,, n  4r2u2  H2(<5i+1*2  5i+i) /z  „  r  „-i„ 

-2--max(l,— 2~  )— — - .....  .  ,2  5  ) 

V  Bi  H2(6i+l’6i+l)  2 


00 


V  r  ®2U  1  H2(5i+1’2  W 

i  exP<-  nr  *  ™ - s - 


[1  -  — f-«max(l,^2!L-)  •  (2K) 2  •  M  (5  .6  )l/a]}. 

B^u  1 


But  6H-(6,S)  2  ■*  0  as  6  +  0.  Consequently  for  small  6,  uniformly  over  i 


_(i) 

e,  u 


^2Nx0({i+r{i- J2-)e,",{-  T(x“l  -  °!x<1))‘) 


.  7  ,4*  H2(6i+l-2'<J'1)Sl+l)I/!1 

*  Z  exp{-  - - 7 - > 


<  l  exp{-2£nj£n2  ^  , |) 

j=2  1+i 


<  l  ((j  -l)£n2)'2  <  co 
j=2 

independently  of  i.  Consequently,  for  small  6 


00 


Thus  E^_q1>^  is  finite  for  small  6,  and  +  Q  as  Consequently,  (2.19) 

is  proven  and  then  (2.18)  follows.  To  finish  the  proof  we  have  to  show  that  it 

is  possible  to  choose  B^  and  B2  to  satisfy  conditions  (2.32),  (2.34),  (2.38). 

This  is  simple.  For  any  B2  >  0  set  B^B  )  =  2B2.  This  satisfies  (2.38)  independ- 

2 

ently  of  B2<  Then  B2*B^(B2)  * 2B2«  Consequently  taking  B2  small  enough  we  get 
both  (2.32)  and  (2.34)  satisfied.  This  completes  the  proof. 


The  following  two  examples  are  taken  from  Dudley  (1973) . 


Example  2.1.  Let  (a  }  be  a  sequence  of  positive  numbers  with  a  4-  0.  For 

K.  lv 

2  2 

k=l,2,...,  let  be  a  cube  of  dimension  k  and  side  2a^/k  centered  at  0. 

00 

Let  the  cubes  lie  in  orthogonal  subspaces.  Let  C  *  ^“l^k' 

Consider  the  origin  Xq  =  0.  Letting  a^  i  0  slowly,  we  can  make 

2 

£  H(,  ^^(e)-»-0  as  slowly  as  desired,  thus  the  Integral  (2.12)  can  diverge 
for  all  6 >  0.  Nevertheless,  the  isonormal  process  is  continuous  a.s.  at  x^ 
We  show  that  Theorem  2.1  works  here. 


For  every  fixed  k  and  e 


2a  2 

N(Ck,e)  <  maxU-j^r  ,1} 


and  for  fixed  0  <  6^  <  <s^ ,  e>o 


_  _  n(6  )  4a  2 

(2.39)  N0(61,62,e)  <  N(C  (6  ),§)  <  +1, 

k=l 

where 

f  ak  , 

n(s)  :=  maxik  :  —  >  s}  . 


Define  also 

ak  V 

m(s)  :=  max{k  :  —  >  s  } 
k 


Both  n(s)  and  m(s)  increase  to  infinity  as  s  1  0.  Define 


n(s)  4a  .2 

(2.40)  H(s,t)  :=  ln[  £  (Tf)K  +1]. 

k=l  KC 

We  have  to  show  that 

(2.41)  lim  JUn[  (-£")*  ]}/2dt  *  0. 
s-K)  0  k=l 

1/  1/  1/ 

The  obvious  relations  £n(x + y)  <  £n2x  + £n2y ,  x,y  >  1  and  (x +  y)  1  < x  1  + y  2 
yield  that 


16 


s  n(s)  4a.  ,  2 


(2.42)  /Un[  £  '  (--^)k  ]}1/zdt 


k=l 


kt 


s  m(s)  4a  2  s  n(s)  4a  2  i, 

-  fUal  %  (TT}  11  2dt  +  /Un[  E  (tT>  H  /2dt  +  s(2£n2) 


0  k=l 


0  k=m(s)+l 


kt 


Denote  by  I  and  the  first  and  second  integrals  in  the  right  hand  side  of 


(2.42).  We  are  going  to  show  that 


lim  I  =  lim  I  =  0. 
s~K)  s-*-0 


We  have,  for  small  s. 


s  m(s)  -  4a 

I ,  —  /{  Z  Ik^n(-rf)  +£n2]}  /2dt 
1  0  k=l 


1/  s  m(s)  4a 

s  s(m(s)£n2)  2  +  f  £  k[-£n(-j^)]  '2dt 

0  k=l 


kt 


i;  m(s)  s  4a  i. 

<  s(m(s)*n2)  h  +  \  k/ [£„(—!)]  ^dt 

I  t  A  t 


k=l  0 


£  s 


(m(s)£n2)V2  +BLsU^l±Al  .j.^A)]  Vl 

i  s 


-X 


and  this  goes  to  zero  as  s  *► 0  because  m(s)  ^  a^s  .  Further,  for  every 
m(s)  <  k  <  n(s) 

o 

kt  4ka 


4a,  v2 

kvk 


4a.  4a 


<2.43)  <Tfr  .  IfJ)  k]  *  s  (e*>  4  s  ~  s  eXp{^±i), 


1 4kak 


4  a, 


1 

—  st 


4a 


where  the  first  inequality  in  (2.43)  follows  from  the  fact  that 


x  e 
max  x  *  e 


x>0 


and  the  second  inequality  follows  from  the  fact  that  a,/k>s.  We  conclude 


(2.44)  <  /{£n[n(s)exp(  — )]}  2dt 

L  0 

5  s[£nn(s)]  4-  2e  ^a  .  .  »s  ^2,/t  ^‘dt 

m(s)+l  ^ 

=  sUnn(s)]  ,2  +  4e"/2-aa(s)+1. 

The  first  term  in  (2.44)  converges  to  zero  because  n(s)  5  s  ^a  ,  N ,  while 

n{s) 

the  second  term  converges  to  zero  because  m(s)  +  00  as  s 4  0.  Therefore,  the 
conditions  of  Theorem  2.1  hold. 


Remark  2.3.  Note  that  the  GC  property  of  C  follows.  We  have  just  proved 

that  the  isonormal  process  is  continuous  at  Xq  =  0.  Certainly,  for  any  x^  e  C 

other  than  the  origin,  for  any  sufficiently  small  5  >  0  the  metric  entropy 

of  C  (6)  is  bounded  by  a  logarithmic  function  of  e,  and  so  the  integral 
X0 

(2.12)  is  finite.  In  this  example,  consequently,  we  have  proved  that  C  is 
a  GC  class  by  proving  that  the  isonormal  process  is  continuous  at  the  (only) 
"difficult"  point  Xg  =  0. 


Example  2.2.  Again,  let  {a^}  be  a  sequence  of  positive  numbers  with  a^4  0. 
Let 


C  =  {<j>  *a  (£nn)  ^,ni2}u{0}, 
n  n 

_i/ 

<J>  orthonormal.  Consider  x.  =*  0.  If  a,  4  0  slowly  (a,  =  (£ndnk)  2  is  slow 
n  0  k  k 

enough)  then  the  integral  (2.12)  diverges  for  all  6  >  0.  Let  us  show  that 
Theorem  2.1  can  be  applied  to  this  example  as  well.  Set 


2 

a  2 

M(s)  :=  min{n  :  5s}. 

cnn 

Then,  for  any  0  <  6^  <  52,  e  >  0 

NQ(61,62,e)  -  [min(M(e) ,  M^) )  -  M(«2) ]+  +  1. 


(2.45) 


■***»*: 


T 

T 


i.  *' 


Appendix 


Theorem  1.1  is  proven  here.  The  idea  of  the  proof  is  the  same  as  that  of 


Marcus  and  Shepp  (1971)  in  the  case  of  Gaussian  processes  on  [0,1]. 


Let  C*  be  a  countable  dense  subset  of  C.  For  any  I<=C,  any  e  >  0,  define 


there  is  an  r  >  0  such  that  for  every  6  >  0  there 

.  ,tn  are  t,  e  C*  n  I  and  t_  e  C*  such  that  d(t, ,t.)  <  6 

1 1 7  =  ■  1  2  12 


land  |x(tx>  -X(t2)|  ^  e  +  r. 


Lemma  A. 1. 


P(A£(I))  =  0  or  1. 


Proof  of  the  lemma. 


Let  s^jS^,...  be  a  numeration  of  the  points  of  C*.  Then  there  exists  a 


sequence  of  orthonormal  Gaussian  variables  and  real  numbers 


{a^},  iSj,  such  that  for  each  i 


(A.  1) 


X(V  '  Vi 

J=1  J  J 


Let  a^.  =  0  for  j  >  i,  and  let  for  t^t^e  C*  i^  and  i^  denote  the  places  of 


t^  and  t^  correspondingly  in  the  fixed  numeration  of  C*.  Then 


(A.  2) 


O  (t^t^  -  E[X(t 


1.)  "X(t2)]  =  jJ1(ai1j  “ai2j)  ' 


Note  that  the  covariance  function  of  the  process,  R(s,t),  is  continuous 


on  C*C,  since  X(t)  is  a.s.  continuous  at  each  point  of  C.  Then  the  function 


a  (s,t)  is  also  continuous  on  C *  C,  and,  because  of  compactness,  it  is 


uniformly  continuous.  Consequently,  for  every  0>O  there  is  a  n  =  n(9)>0  such 


2  2 

that  d(t1,t2)<n  implies  that  a  (^,^><0  .  If  also  t^t^C*,  then  (A. 2) 


implies  that  |a.  .  -a  .  |  <0  for  every  j.  Let  us  rewrite  the  event  A  (I)  as 

12J  ^ 


'O'*. 


Ae(I)  =  » 


there  is  an  r>0  such  that  for  every  6>0  there 
are  t  e  C*  n  I  and  t^  e  C*  such  that  dCt^.t^) <  5 

OO 

and  |  1  Y .  (to)  (a  .  -  a  )  |  >  e  +  r. 
j=l  J  V  12J 


We  claim  that  A£(I)  is  a  tail  event  for  the  sequence  Y^,Y^ .  is  su^~ 

ficient  to  show  that  if  oj^  and  are  such  that  for  some  finite  m 

Y  (ou  )  =»  Y  (u)  )  for  all  n  >  m,  then  oj,  e  A  (I)  implies  oj.  e  A  (I)  . 
ninz  ie  ze 

Suppose  the  contrary,  i.e.  u>^eA£(I)  and  u^/A  (I).  Then  for  some  positive 
r(tu^),  for  all  sufficiently  small  6>0  there  are  t^  e  C*  n  I  and  e  C*  such  that 
d(ti,t2)  <  5  while 

OO 

|  l  Y  (u»  )  (a  -  a  )  |  >  e  +  r(u>.  ) 
j=l  J  12J  1 

lJiY“2>(\j-ai2j)|<£  + i'H*- 

(Here,  as  before,  i^  and  i^  denote  the  places  of  t^  and  t ^  respectively  in 
the  fixed  numeration  of  C*) .  We  conclude  (recall  that  all  sums  have  finite 
numbers  of  terms)  that 

00  OO 

2r(tul)  <  I  l  Yi(wl)(ai  j  '  ai  i }  1  -  I  l  Yi  (UJ2)  (af  i  -ai  4>l 
J-l  2  23  j=l  j  2  V  V 


(A.  3) 


5  -  Zy"2H\r*i2j> 


lJ1(Y3<"l>"TJ("2),(V*i2J)|- 


The  inequality  (A. 3),  however,  cannot  hold  for  all  positive  5,  since  its 
left-hand  side  is  positive,  while  the  right-hand  side  goes  to  zero  as  6 -*-(). 

This  contradiction  shows  that  A^.(I)  is  a  tail  event.  Consequently,  Kolmogorov' 
zero-one  law  implies  that  P(A  (I))  = 0  or  1. 


We  return  now  to  the  proof  of  Theorem  1.1.  For  any  I  c  C,  any  £>0  define 


V» 


f  | for  any  6  >  0  there  are  t^  e  C*  n  I  and  t ^ 
'd(t1,t2)  <  6  and  }x(tx)  -  X(t2>  )  >  e. 


C*  such  that) 


/ 


Then  B£(I)  c  •  If  X(t)  is  not  sample  continuous  then  P(Be(C))  >0  for 


some  e  >  0.  Then  P(A£^(C))>0  for  some  e*  >  0.  This  implies  that  P(Ae*(C))  =  1. 


Let  d_  =  sup  rd(t  ,t  )  <°°.  The  compactness  of  C  implies  that  we  can 

U  t!.  »t-6L  X  Z 


"1  2 


cover  it  by  a  f  inite  number  of  compact  sets  , . . . ,  of  diameter  at 


most  d^/2  each.  Since 


(A.  4) 


ae.<C)  ■  A 


»(D, 


we  conclude,  that  for  some  i  ,  1  S  i.  S  k  ,  P(A  (C;  ))>0.  Thus 

1  11  £* 

P(A  A(C^^))  =1.  We  divide  now  into  compact  subsets  of  diameter  at 

11  11 


most  dg/4,  and  so  on.  We  obtain  a  sequence  of  nested  compact  non-empty 


sets 


c  =  c!0)>ca)>c!2) 


,(k). 


with  the  following  two  properties:  for  each  k=l,2,...  P(A  (C;  ))  =  1 

e  iv 

(k)  k  K 

and  the  diameter  of  C'  is  at  most  d  /2  .  This  sequence  has  to  converge  to 

k  U 


a  point  t  e  C.  Then,  by  the  definition  of  A  .(I), 

OO  0X 


P(lim  X(t)  -  lira  X(t)  > £*)  >  P(  n  A  *(C(K)))  =  1. 

t-^too  t+too  k=0  e  ik 

teC*  teC* 


This  contradicts  the  assumption  that  X(t)  is  a.s.  continuous  at  t  .  This  con¬ 
tradiction  shows  that  X(t)  is  sample  continuous. 


22 


References 

[1]  Dudley,  R.M.  (1967).  The  sizes  of  compact  subsets  of  Hilbert  space  and 
continuity  of  Gaussian  processes.  J .  Funct .  Anal .  1_  290-330. 

[2]  Dudley,  R.M.  (1973).  Sample  functions  of  the  Gaussian  process.  Ann. 
Probab.  1_  66-103. 

[3]  Feldman,  J.  (1971).  Sets  of  boundedness  and  continuity  for  the  canonical 
normal  process.  Proc.  Sixth  Berkeley  Symp.  Math.  Statist.  Probability  2 
357-368,  Univ.  of  California  Press. 

[4]  Marcus,  M.B.  and  Shepp,  L.A.  (1971).  Sample  behaviour  of  Gaussian  pro¬ 
cesses.  Proc.  Sixth  Berkeley  Symp.  Math.  Statist.  Probability  2^  423-441, 
Univ.  of  California  Press. 

[5]  Samorodnitsky ,  G.  (1986).  Bounds  on  the  supremum  distribution  of  Gaussian 
processes — polynomial  entropy  case.  Preprint. 

[6]  Sudakov,  N.V.  (1969).  Gaussian  and  Cauchy  measures  and  e-entropy.  Soviet 
Math.  Dokl .  10  310-313. 

[7]  Sudakov,  N.V.  (1971).  Gaussian  random  processes  and  measures  of  solid 
angles  in  Hilbert  space.  Soviet  Math.  Dokl.  12  412-415. 


